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CHAOTIC DELONE SETS
JESU´S A. A´LVAREZ LO´PEZ, RAMO´N BARRAL LIJO´, JOHN HUNTON,
HIRAKU NOZAWA, AND JOHN R. PARKER
Abstract. We present a definition of chaotic Delone set, and establish the
genericity of chaos in the space of (, δ)-Delone sets for  ≥ δ. We also present
a hyperbolic analogue of the cut-and-project method that naturally produces
examples of chaotic Delone sets.
1. Introduction
This paper is concerned with the relation between chaos theory and the dynamics
of Delone sets. Introduced by Delone in the context of mathematical crystallogra-
phy, Delone sets have been studied also from the viewpoints of arithmetics, topology
and foliated spaces. Let us recall the definition of a Delone set.
Definition 1.1. Let , δ > 0. A subset S of a metric space X is (, δ)-Delone if,
(i) for every x ∈ X, there is some y ∈ S with d(x, y) ≤  (S is -relatively
dense), and
(ii) we have d(x, y) ≥ δ for every x, y ∈ S, x 6= y (S is δ-separated).
Given , δ ∈ R+, let Del,δ denote the set of (, δ)-Delone subsets of Rn. The
set Del,δ has a canonical, compact, metrizable topology (the local rubber topology)
such that the action of Rn given by
Rn ×Del,δ −→ Del,δ
(v, S) 7−→ S − v := { s− v | s ∈ S }
is a continuous action [1, Lem. 2.5]. Definition 1.1((ii)) makes this action locally
free, so that the orbits inherit a canonical smooth structure compatible with the
topology.
There is a canonical way of obtaining dynamical systems from Delone sets [2,
p. 10]: Let S ∈ Del,δ and let [S] denote the orbit S +Rn. Then [S], the closure of
[S] in the aforementioned topology, is a compact space endowed with an Rn-action;
it consists of the Delone sets which are locally indistinguishable from S, and it is
sometimes called the local isomorphism class of S [3]. Since S determines [S], we
may think of dynamical properties of [S] as properties of S.
Chaos for group actions is usually characterized by three conditions [4]. The
first two are topological transitivity and density of periodic orbits, and they admit
a purely topological description. The last requirement is sensitivity on initial con-
ditions, and is usually formulated in terms of a Lyapunov exponent [5]. This third
condition seems harder to adapt to our setting. For example, in [6] and [7] there are
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adaptations of the Lyapunov exponent for laminations endowed with a harmonic
measure. In general [S] may admit several different ergodic invariant measures [8,
Thm. 1.7]. Since we are only interested in the topological dynamics of [S], we omit
this condition in our definition of chaos, cf. [9].
The preceeding discussion leads us to the following definition, analogous to that
in [10].
Definition 1.2. A Delone set S is almost (topologically) chaotic if the union of
the periodic orbits is dense in [S]. We say that S is (topologically) chaotic if it is
almost chaotic and aperiodic; that is, S − v 6= S for all v ∈ Rn \ {0}.
To the authors’ knowledge, such Delone sets have not been studied before. How-
ever, the analogous definition in the case of shift spaces is satisfied for well-known
objects, such as subshifts of finite type. Also note that, by simple topological
arguments, a repetitive tiling cannot satisfy the obvious analogue condition. In
particular, this rules out substitution tilings and Euclidean cut-and-project tilings.
If S is almost chaotic, then [S] satisfies the aforementioned requirements of
topological transitivity and density of periodic orbits. We require aperiodicity in
our definition of chaos because almost chaotic Delone sets include the degenerate
case where there is a single compact orbit.
Recall that a property is topologically generic if it holds on a residual subset—i.e.,
a subset containing a countable intersection of open dense sets. This notion is well-
behaved for Baire spaces, which in particular include compact, metrizable spaces
by the Baire Category Theorem. The first main result of the paper establishes the
topological genericity of chaos for (, δ)-Delone subsets of Rn when  ≥ δ.
Theorem 1.3. If  ≥ δ, then being chaotic is a generic property in Del,δ.
This result is similar to that obtained for colored graphs in [10]. The reason
why we impose the condition  ≥ δ is that it is necessary for extension properties
(Lemmas 2.3 and 2.4) that are essential ingredients in our proof. It is also easy
to come with examples where  < δ and Theorem 1.3 does not hold—e.g., all
(δ/2, δ)-Delone sets in R are periodic.
The second aim of this paper is to obtain examples of chaotic Delone sets us-
ing a so-called cut-and-project construction on the Poincare´ disk. Being discrete
subsets of manifolds, Delone sets lie in a sort of middle ground between geometry
and discrete mathematics. There are well-known examples of symbolic dynamical
systems satisfying the obvious analogue of Definition 1.2—e.g., a two-sided version
of Champernowne’s number [11]. A less trivial family of examples comes from the
symbolic coding of geodesics in hyperbolic surfaces. This research was initiated
by Hadamard in [12] and continued by Morse in [13, 14], among others. In the
particular case of the modular surface, there is an approach for symbolic coding of
geodesics that is closer to number theory. In [15] the reader can enjoy a nice expo-
sition of these methods and their historical development. All of the aforementioned
approaches take advantage of the well-known chaotic properties of the geodesic flow
in compact hyperbolic surfaces to construct chaotic symbolic dynamical systems.
Our method, while related to that described in the previous paragraph, is more
geometrical in nature, and naturally yields subsets of R instead of a coding of Z.
It is also inspired by the projection method in tiling theory, see [16]. In our case,
we will orthogonally project subsets of an orbit of torsion-free uniform lattices Γ
in the hyperbolic plane H2 onto a geodesic. This construction is not guaranteed
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to produce Delone sets in the general case. We prove a necessary and sufficient
condition for this to hold, and present a specific example.
Let us fix a torsion-free uniform lattice Γ of PSL(2;R), a positive number ρ and a
point x on H2. For a geodesic ` on H2, let p` : E` → ` be the orthogonal projection
from the open tubular neighbourhood of ` of radius ρ, and define
S` = p`(E` ∩ Γx)
(see Figure 1).
Figure 1. Construction of S` in H2.
The black dots represent points in Γx,
the blue area is E`, the red dots rep-
resent points in S`.
Figure 2. The
disks represent the
inverse image of
∆. The projection
of k1 to Σ has
one-sided tangency,
while the projection
of k2 to Σ does not.
In order to state our result, we need to fix the following terminology: From now
on, let Σ = Γ\H2 be a compact hyperbolic surface. Given a closed disk D on Σ, a
geodesic σ on Σ is said to have one-sided tangency with ∂D if σ is tangent to ∂D
at every point in σ ∩ ∂D, and we can take an orientation of the normal bundle of
σ so that the outward vector of ∂D at every tangential is positive. In Section 4 we
prove the following result.
Theorem 1.4. With the above notation, assume that the orbit of the geodesic flow
that consists of the unit tangent vectors of the projection of ` to Σ is dense in
S1(TΣ) and d(`, y) 6= ρ for every y ∈ Γx. Then S` is Delone if and only if:
(A) We have ρ < inj(Σ, x0). Here x0 = Γx and inj(Σ, x0) is the injectivity
radius of Σ at x0, which is clearly equal to
1
2 min{ d(y, z) | y, z ∈ Γx, y 6=
z }.
(B) Any geodesic on Σ intersects the closed disk ∆ of radius ρ centred at x0,
and there exists no geodesic with one-sided tangency with ∂∆.
If S` is Delone, then it is chaotic.
By Hedlund’s theorem ([17], see also [18] and references therein), the orbits of
the geodesic flow that are dense in the unit tangent bundle of Σ form a conull set
in the space of geodesics.
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It is not easy to check Condition (B) in the last theorem with given Γ, ρ, x and
`, but it is possible for the following example.
Example 1.5. Let us construct a Riemann surface Σ of genus two as follows:
Take a hyperbolic 12-gon P with alternating internal angles pi/3 and 2pi/3, all side
lengths the same. Identify the sides via the pattern
A−B − C −A−D − C − E −D − F − E −B − F
going around the boundary (see Figure 3). There are 3 orbits of vertices, two made
up of three vertices and one made up of 6. It is easy to see that the quotient has
genus 2 by using the Euler characteristic 3− 6 + 1 = −2.
Figure 3. A 12-gon P Figure 4. A triangle T
Let Γ < PSL(2;R) be the lattice that corresponds to Σ. Take x ∈ H2 so that
x is projected to the barycentre x0 of P . Let µ denote the injectivity radius of Σ
at x0. Let ρ be a positive number such that 0 < µ − ρ  1. In the sequel we
will see that, for any geodesic ` on H2 that satisfies the assumptions of Theorem
1.4, the quadruple consisting of Γ, x, ρ and ` satisfies Conditions (A) and (B)
in Theorem 1.4. Firstly, note that our choice of ρ ensures that Condition (A) is
satisfied. For r > 0, let ∆r be the closed disk on Σ centred at x0 of radius r. By
the symmetry of the 12-gon P , the disk ∆µ is tangent to all edges of P . In order
to show that Condition (B) holds, it is sufficient to show that any geodesic on H2
intersects pi−1(∆˚ρ), where pi : H2 → Σ is the universal covering projection and
∆˚ρ is the interior of ∆ρ. Assume that there exists a geodesic k on H2 contained
in H2 \ pi−1(∆˚ρ). Here pi−1(∂∆µ) is a circle packing of H2. Since each angle of
P is equal to either of pi/6 or pi/3, we can see that any connected component of
H2 \ pi−1(∆µ) is either a triangle or a hexagon. Since each hexagon is adjacent to
triangles, k intersects a triangle T . Since ρ is sufficiently close to m, the geodesic k
should be close to two vertices v, w of T . Thus k is close to the geodesic segment
vw. Since ∆µ is geodesically convex, the segment vw is contained in pi
−1(∆µ) (see
Figure 4). It follows that k intersects pi−1(∆˚ρ).
CHAOTIC DELONE SETS 5
It is easy to modify this example to construct an example with Σ a closed Rie-
mann surface of arbitrary genus > 1.
Remark 1.6. If µ ≤ ρ, then S` is not r-separated for any r > 0 by the last theorem.
But in some cases we can obtain almost chaotic Delone sets in R or Z by modifying
S`. We can see that, if ρ is close to m/2, there cannot be three points in S` that
are close to each other. Replacing every pair of points which are close to each other
with their midpoint, we have a chaotic Delone set in `.
2. Preliminaries
Let X be a metric space, let x ∈ X and r > 0. We will use DX(x, r) and SX(x, r)
to denote, respectively, the disk or closed ball and the sphere of centre x and radius
r. We will omit subscripts when no confusion may arise.
The canonical topological structure on Del,δ has received several names, includ-
ing “natural topology” [8], “vague topology” [19], and “local rubber topology” [2].
Let ~0 ∈ Rn denote the origin, and let U and U ′ denote open neighbourhoods of ~0,
with U precompact. The local rubber topology mentioned in the introduction is
induced by the entourage base determined by the sets
NU,U ′ := { (S, S′) ∈ Del,δ ×Del,δ | S ∩ U ⊂ S′ + U ′ and S′ ∩ U ⊂ S + U ′ } .
For notational convenience, let Nr denote the set NB(~0,r),B(~0,1/r) for r > 0. For
S ∈ Del,δ, let
NU,U ′(S) = {S′ ∈ Del,δ | (S, S′) ∈ NU,U ′ } ,
Nr(S) = {S′ ∈ Del,δ | (S, S′) ∈ Nr } .
For A,B,C,D open neighbourhoods of ~0, with A and B relatively compact, one
has [2, p. 9]
(2.1) NA+B,B ◦NC+D,D ⊂ NA∩C,2(B∪C) ,
where 2(B ∪ C) = (B ∪ C) + (B ∪ C).
Once we have provided neighbourhood bases for Del,δ, the following lemma
follows trivially from Definition 1.2.
Lemma 2.1. An (, δ)-Delone set S is almost chaotic if and only if, for every
r ∈ N, there is a periodic Delone set S′ ∈ Del,δ such that (S, S′) ∈ Nr and, for
any s ∈ N, there is a point x ∈ Rn satisfying (S − x, S′) ∈ Ns.
The following lemmas will be used in the next section. The first one follows by
applying Zorn’s lemma to -relatively dense sets (see A´lvarez-Candel [20, Proof of
Lemma 2.1]).
Lemma 2.2. Every δ-separated subset of Rn is contained in a (δ, δ)-Delone set.
Lemma 2.3. Let  ≥ δ, let A ⊂ Rn, and let S be an (, δ)-Delone set in Rn. There
is an (, δ)-Delone set S′ on A such that S and S′ coincide over the subset
A := {x ∈ Rn | D(x, ) ⊂ A } .
Proof. Consider the collection of δ-separated subsets M of A such that M ∩ A =
S ∩ A. By Zorn’s Lemma, S ∩ A is contained in a maximal such subset S′. We
only need to prove that S′ is -relatively dense in A, so let x ∈ A and let us prove
d(x, S′) ≤ . If x ∈ A, the assumption that S is a Delone set in Rn means that
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there is some s ∈ S with d(x, s) ≤ . But s ∈ A by the triangle inequality and
S ∩ A ⊂ S′, so s ∈ S′ and d(x, S′) ≤ . Consider now the case where x ∈ A \ A,
and suppose by absurdity that d(x, S′) >  ≥ δ. Then S′ ∪ {x} is a δ-separated
subset of M strictly containing S′ and satisfying (S′ ∪ {x}) ∩ A = S ∩ A. This
contradicts the maximality of S′, so d(x, S′) ≤ . 
Lemma 2.4. Suppose  ≥ δ, and let A be a subset of either Rn or Tn. Then, for
any (, δ)-Delone set N in A, there is an (, δ)-Delone set S in Rn or Tn such that
S ∩A = N .
Proof. We will write the proof for A ∈ Rn, the case where A ⊂ Tn being identical.
Consider the collection of subsets M ⊂ Rn \ A such that N ∪M is δ-separated.
By Zorn’s Lemma, there is such a subset L that is maximal by inclusion. Then
S := N ∪ L trivially satisfies S ∩A = N and is δ-separated by the definition of N .
Let us prove that it is also a -relatively dense, so let x ∈ Rn. If x ∈ A, then by
hypothesis d(x,N) ≤ . If x /∈ A and d(x, S) >  ≥ δ, then S ∪ {x} is δ-separated,
contradicting the maximality of L. 
3. Genericity of chaotic Delone sets
This section contains the proof of Theorem 1.3. We start by proving that ape-
riodicity is a generic property. Let 0 < α < δ/4 and, for q ∈ Qn, let
(3.1) Vq = {S ∈ Del,δ | ∃x ∈ S, D(x− q, α) ∩ S = ∅ } .
Proposition 3.1. The subsets Vq ⊂ Del,δ are open for q ∈ Qn.
Proof. Let S ∈ Vq, so that there is some x ∈ S such that d(x− q, S) = β > α. Let
r ∈ N be large enough depending on x, q, α, and β, and let S′ ∈ Nr(S). If r > |x|,
then the definition of Nr(S) ensures that there is some y ∈ S′ with d(x, y) < 1/r.
Suppose that there exists some z ∈ B(y − q, α) ∩ S′. If
r − 1/r > |x|+ |q|+ α ,
then z ∈ B(0, r). Therefore, by the definition of Nr(S), there is some z′ ∈ S with
d(z, z′) < 1/r. We may assume that α + 2/r < β. Then the triangle inequality
yields d(x − q, z′) < β, a contradiction. Therefore S′ ∈ Vq and, since S′ was an
arbitrary element of Nr(S), we get Nr(S) ⊂ Vq. 
Proposition 3.2. The sets Vq are dense in Del,δ for q ∈ Qn.
Proof. Let us start by proving that there is some S ∈ Vq satisfying the condition
in (3.1) with x = ~0 ∈ Rn. Assume first that q has all coordinates equal to 0 except
the first one. If |q|+ α < δ, then any S ∈ Del,δ with ~0 ∈ S satisfies the condition
in (3.1) with x = ~0 because it is δ-separated, so assume that |q| + α ≥ δ. Let
y = q + (2α, 0, . . . , 0), and let S be a (δ, δ)-Delone set containing ~0 and y, which
exists by Lemma 2.2. Since
D(q, α) ⊂ D(y, 3α) ⊂ D(y, δ)
by the triangle inequality, we get that S satisfies (3.1) with x = ~0. The same
strategy applies for general q ∈ Qn after applying a suitable rotation.
Let us prove that Vq is dense, so let S
′ ∈ Del,δ. By Lemma 2.4, for r, s ∈ N and
y far enough from ~0, there is an (, δ)-Delone set S′′ such that
S′ ∩B(~0, r) = S′′ ∩B(~0, r)
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and
y + (S ∩B(~0, s)) = S′′ ∩B(y, s) ,
where S is the Delone set constructed in the previous paragraph. It is clear that,
for s > δ + α, S′′ satisfies the condition in (3.1) with x = y. Therefore, given an
arbitrary S′ ∈ Del,δ and r > 0, we have produced a Delone set S′′ ∈ Vq such that
S′′ ∈ Nr(S′), and the lemma follows. 
Lemma 3.3. The set
⋂
q∈Qn Vq consists of aperiodic Delone sets.
Proof. Suppose on the contrary that there are S ∈ ⋂q∈Qn Vq and v ∈ Rn \ {0}
such that S − v = S. In particular, this implies that, for every q ∈ Qn and z ∈ S,
d(z−q, S) ≤ |v−q|. When |q−v| < α, we obtain a contradiction with the definition
of Vq in (3.1). 
Corollary 3.4. Aperiodicity is a generic property in Del,δ for  ≥ δ.
Proof. By Propositions 3.2 and 3.1 and Lemma 3.3,
⋂
q Vq is a residual subset
consisting of aperiodic Delone sets. 
In order to complete the proof of Theorem 1.3, we will now show that being
almost chaotic is also a generic property. Let vi, i = 1, . . . , n, denote the standard
basis of Rn.
Definition 3.5. For m,m′ ∈ N, let Wm,m′ ⊂ Del,δ be the subset of (, δ)-Delone
sets satisfying the following conditions:
(i) there is some x ∈ Rn such that (S, S − x) ∈ Nm, and
(ii) for any integer coefficients a1, . . . , an with |ai| ≤ m′ for i = 1, . . . , n, we
have
(S − x, S − x− (m+ δ + )
∑
i=1,...,n
aivi) ∈ Nm′ .
Proposition 3.6. The sets Wm,m′ are open for m,m
′ ∈ N.
Proof. Let S ∈ Wm,m′ . We will show that there is some l ∈ N such that Nl(S) ⊂
Wm,m′ . By the definition of Wm,m′ , there is some x ∈ Rn satisfying Defini-
tion 3.5((i))–((ii)). Since the sets Nr are open for r > 0 and any Delone set in
Rn is locally finite, there are m > m˜ > 0 and m˜′ > m′ > 0 such that
(S, S − x) ∈ Nm˜, (S − x, S − x− (m+ + δ)
∑
i=1,...,n
(aivi)) ∈ Nm˜′
for |ai| ≤ m′, i = 1, . . . , n. By (2.1), we can choose l large enough so that Nl ◦Nm˜ ◦
Nl ⊂ Nm and Nl ◦Nm˜′ ◦Nl ⊂ Nm′ . It is now a trivial matter to check that every
S′ ∈ Nl(S) satisfies Definition 3.5. 
Proposition 3.7. If  ≥ δ, then the subsets Wm,m′ are dense in Del,δ for m,m′ ∈
N.
Proof. Let S ∈ Del,δ and l ∈ N. Identify the n-torus Tn with the quotient of the
square [−m−δ−,m+δ+]n that identifies opposite faces. Let pi : Rn → Tn denote
the quotient map. By Lemma 2.3 there is a (, δ)-Delone set S′ on [−m− ,m+ ]
satisfying
S′ ∩ [−m,m]n = S ∩ [−m,m]n .
8 J.A. A´LVAREZ LO´PEZ, R. BARRAL LIJO´, J. HUNTON, H. NOZAWA, AND J.R. PARKER
Figure 5. The picture on the left represents T ⊂ Tn; the right
one its lift to Rn following a grid pattern.
Then pi(S′ ∩ [−m − ,m + ]n) is a δ-separated subset and -relatively dense in
pi([−m− ,m+ ]n), so applying Lemma 2.4 we may enlarge it to an (, δ)-Delone
set T on Tn that satisfies
pi(S ∩ [−m,m]n) = T ∩ pi([−m,m]n) .
Choose x ∈ Rn sufficiently far from 0, and lift T ⊂ Tn to an (, δ)-Delone set T̂
on a “grid” of fundamental domains given by the squares with centres x +
∑
aivi
and length 2(m+ δ+ ), as illustrated in Figure 5. Using Lemma 2.4, complete the
disjoint union
T̂ unionsq (S ∩ [−l, l]n)
to an (, δ)-Delone set Ŝ satisfying
Ŝ ∩ [−l, l]n = S ∩ [−l, l]n
and
Ŝ ∩ [x−m′(m+ δ + ), x+m′(m+ δ + )]n
= T̂ ∩ [x−m′(m+ δ + ), x+m′(m+ δ + )]n .
Then Ŝ satisfies the conditions of Definition 3.5 with x ∈ Rn. We have shown that,
for every S ∈ Del,δ and l ∈ N, there is Ŝ ∈ Wm,m′ ∩ Nl(S). This establishes the
density of Wm,m′ . 
Lemma 3.8. The set
⋂
m,m′ Wm,m′ consists of almost chaotic Delone sets.
Proof. Let S ∈ ⋂m,m′ Wm,m′ and fix a neighbourhood Nl(S) (l ∈ N). Let m > l.
For every m′ there is a point xm′ ∈ Rn such that (S, S − xm) ∈ Nm and, for any
integer coefficients a1, . . . , an with |ai| ≤ m′, we have
(S − xm′ , S − xm′ − (m+ δ + )
∑
i=1,...,n
(aivi)) ∈ Nm′ .
Since Del,δ is compact, the sequence (S − xm′)m′∈N has a subsequence converging
to some S′ ∈ [S], and (S, S′) ∈ Ul because l < m. Moreover, for m′ large enough
and |ai| ≤ m′, we have
(S − xm′ , S − xm′ − (m+ δ + )
∑
i=1,...,n
(aiei)) ∈ Nm′ .
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By continuity we obtain
(S′, S′ − (m+ δ + )
∑
(aiei)) ∈ Nm′
for every m′ ∈ N. This means (m + δ + )Zn ⊂ Aut(S), hence S′ is periodic. We
have proved that, for any S ∈ ⋂m,m′ Wm,m′ , there are periodic Delone sets in [S]
arbitrarily close to S, and the result follows. 
Corollary 3.9. Being almost chaotic is a generic property in Del,δ for  ≥ δ.
Proof. The set
⋂
m,m′ Wm,m′ is a residual subset consisting of almost chaotic Delone
sets by Propositions 3.6 and 3.7 and Lemma 3.8. 
The combination of Corollaries 3.4 and 3.9 gives Theorem 1.3.
4. Cut-and-project construction on the Poincare´ disk
In this section we will present a geometric example of a chaotic Delone set on R
by proving Theorem 1.4.
As we will see in the course of the proof of Theorem 1.4, it turns out that it
is more natural to consider a variant of the hyperbolic cut-and-project set S` in
Theorem 1.4. Let us fix some notation first: Fix a torsion-free uniform lattice Γ of
PSL(2;R), a positive number ρ and a point x on H2 throughout this section. Let
Σ = Γ\H2 be the compact hyperbolic surface obtained from Γ. From now on, all
geodesics on H2 and Σ are assumed to be parametrised by arc-length. The image
of a geodesic k : R → H2 is denoted by the same symbol k, and it is identified
with R via the arc-length parametrisation. Thus subsets of the image of geodesics
on H2 are regarded as subsets of R. We orient the normal bundle of k with the
orientation induced from the standard orientation of H2 and the orientation of k.
We will consider the following variant of S` in Theorem 1.4.
Definition 4.1. Let k be a geodesic on H2. Let Ek be the open tubular neigh-
bourhood of k of radius ρ in H2. Let ∂+Ek be the connected component of the
boundary of Ek that is the positive with respect to the orientation of the normal
bundle of k. Let
E
+
k = Ek ∪ ∂+Ek , S+k = pk(E
+
k ∩ Γx),
where pk : H2 → k is the orthogonal projection.
We fix throughout this section a geodesic ` on H2 such that the orbit of the
geodesic flow that consists of the unit tangent vectors of the projection of ` is dense
in the unit tangent bundle of Σ. As we will see, S+` always has a chaotic nature.
However, it may not be Delone in general. We will show the following generalization
of Theorem 1.4 to S+` , which characterises when it holds.
Theorem 4.2. With the above notation, S+` is Delone if and only if:
(A) ρ < inj(Σ, x0), where x0 = Γx and inj(Σ, x0) is the injective radius of Σ
at x0.
(B) Any geodesic on Σ intersects the closed disk ∆ of radius ρ centred at x0,
and there exists no geodesic with one-sided tangency with ∂∆.
If S+` is Delone, then it is chaotic.
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This result is slightly more general than Theorem 1.4. Indeed, in Theorem 1.4,
we assume that d(`, y) 6= ρ for any y ∈ Γx which implies that S+` = S`.
First we show the chaotic nature of S+` . In order to do so, we will use a classical
result of Anosov on the chaotic nature of the geodesic flow on Σ.
Theorem 4.3 ([21], for English translation, see [22]). The union of closed orbits
is dense in the unit tangent bundle of Σ.
We will say that a geodesic k on H2 is Σ-closed if k is projected on a closed geo-
desic on Σ. For a Σ-closed geodesic k, it is easy to see the sets Sk and S
+
k associated
with k is periodic. We will prove that S+` is almost chaotic by approximating S
+
`
with such periodic Sk or S
+
k based on the characterisation of the almost chaotic
property in Lemma 2.1. However, if there are y ∈ Γx such that d(k, y) = ρ, it may
violate the approximation of S+` by Sk with Σ-closed geodesics k. As we will see,
the set S+k behaves better than Sk in this approximation (see Remark 4.5).
In the following lemma we will use Nr (r > 0) in a situation more general than
in Section 2: let Nr be the set consisting of all pairs (T, T
′) of subsets of R such
that
T ∩ [−r, r] ⊂ T ′ + [−1/r, 1/r] , T ′ ∩ [−r, r] ⊂ T + [−1/r, 1/r].
Now we will show the following, which implies the chaotic nature of S+` .
Lemma 4.4. (i) For any r > 0, there exists a Σ-closed geodesic k such that
(S+` , S
+
k ) ∈ Nr.
(ii) For any s > 0 and any geodesic k on H2, there exists a ∈ R such that
(S+` − a, S+k ) ∈ Ns.
Proof. Take any r > 0 and consider the interval I = `([−r, r]). Let v = d`dt
∣∣
t=0
.
By Theorem 4.3, we can take a unit vector w tangent to a Σ-closed geodesic k
and arbitrarily close to −v. Let Z be the subset of all points z in Γx such that
d(I, z) ≤ ρ. For m = k, `, let E+m be the union of the open tubular neighbourhood
of m of radius ρ in H2 and its positive boundary, as in Definition 4.1. We may
assume that the tangent vector w of k at t = 0 is sufficiently close to −v, so that I
is contained in the positive component of Ek \ k and J is contained in the positive
component of E` \ `, where J = k([−r, r]). Since Z is finite, by replacing k with a
Σ-closed geodesic closer to I, we can assume the following:
• for any z ∈ Z, we have z ∈ E+` if and only if z ∈ E
+
k ,
• d(ι(y), y) < 1/2r for any y ∈ J , where ι : J → I is the unique orientation
reversing isometry, and
• d(pk(z), p`(z)) < 1/2r for any z ∈ Z, where pk : H2 → k is the orthogonal
projection.
By the first condition, we have S+` ∩I ⊂ p`(Z) and S+k ∩J ⊂ pk(Z). For any z ∈ Z,
by the second and third conditions, we have
d(p`(z), ι(pk(z))) < d(p`(z), pk(z)) + d(pk(z), ι(pk(z))) < 1/r.
Since ι(`(0)) = k(0), it follows that (S+` , S
+
k ) ∈ Nr. This completes the proof of (i).
For (ii), take any s > 0 and any geodesic k on H2. Let w = dkdt
∣∣
t=0
. Since the
unit tangent vectors of the projection of ` is dense in S1(TΣ) by assumption, we can
take γ ∈ Γ and a unit tangent vector v of ` so that γ∗v is arbitrarily close to −w,
where γ∗ is the tangent map of the action H2 → H2 of γ. Let I ′ = k([−r, r]). Let
Z ′ be a subset of Γx which consists of all points z′ ∈ Γx such that d(z′, I ′) ≤ ρ. The
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rest of the argument is parallel to the proof of (i). Since Z ′ is finite, by taking γ ∈ Γ
and the unit tangent vector v′ of ` at parameter t = a so that γ∗v′ is sufficiently
close to −w, we have (S+` − a, S+k ) ∈ Ns. 
Remark 4.5. The last lemma is not true for S` in general. If there exists no y ∈ Γx
with d(y, `) = ρ, then (i) is true for S`. Similarly (ii) is true for a geodesic k such
that there exists no y ∈ Γx with d(y, `) = ρ.
Figure 6. Approximation of S+` by S
+
k : The vectors ν+(`) and
ν+(k) represent the orientations of the normal bundles of ` and k,
respectively. Two circles with dotted lines represent the boundary
of the ρ-neighbourhoods of I and J , respectively. The dots repre-
sent points in Γx. The blue dots belong to both E+` and E
+
k . But
the black dots do not because they belong to the negative side of
the boundary of E` or Ek, respectively.
Once S+` is proved to be Delone, the following consequence of the last lemma
shows that S+` satisfies the characterisation of an almost chaotic Delone set in
Lemma 2.1.
Corollary 4.6. For every r ∈ N, there exists a Σ-closed geodesic k on H2 such that
(S+` , S
+
k ) ∈ Nr, and for any s ∈ N, there exists a ∈ R such that (S+` − a, S+k ) ∈ Ns.
Let us characterize now when S+` is Delone.
Proposition 4.7. The subset S+` is Delone if and only if Conditions (A) and (B)
in Theorem 4.2 are satisfied.
Let us prove Proposition 4.7 by showing the following two lemmas. In the first
one, we characterize the discreteness of S+` in terms of ρ, based on the density of
the unit tangent vectors of the projection of ` in S1(TΣ).
Lemma 4.8. Let µ denote the injectivity radius of Σ at x0 = Γx.
(i) If ρ < µ, then S+` is δ-separated, where δ = 2µ− 2ρ.
(ii) If µ ≤ ρ, then S+` is not δ-separated for any δ > 0.
Proof. First note that 2µ = min{ d(y, z) | y, z ∈ Γx, y 6= z }. Here (i) follows
directly from the triangle inequality. Indeed, for every yi in S
+
` , choose y˜i ∈ Γx so
that d(y˜i, yi) < ρ and p(y˜i) = yi. If yi 6= yj , then
2µ ≤ d(y˜i, y˜j) ≤ d(y˜i, yi) + d(yi, yj) + d(yj , y˜j) < 2ρ+ d(yi, yj),
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which implies that d(yi, yj) > 2µ− 2ρ = δ.
In order to prove (ii), let us assume µ ≤ ρ. We consider the case µ < ρ first.
Let y and z be a pair of distinct points in Γx such that d(y, z) = 2µ, and let v be
a unit tangent vector at the midpoint of the segment yz which is perpendicular to
yz. Let k be the geodesic on H2 such that dkdt
∣∣
t=0
= v. Assume that we can take
γ ∈ Γ so that γ∗v is very close to a tangent vector of ` at t = t0. Since `(t0) is
close to the midpoint of yz and we assume µ < ρ, we have d(`(t0), γ(y)) < ρ and
d(`(t0), γ(z)) < ρ. Hence p`(γ(y)) and p`(γ(z)) belong to S
+
` . Since ` is almost
tangent to the bisector of the segment γ(y)γ(z) near the middle point of yz, we
can see that p`(γ(y)) and p`(γ(z)) are close to each other. Since we can take γ ∈ Γ
so that γ∗v is arbitrarily close to a tangent vector of `, it follows that S is not
-separated for any  > 0. The case where ρ = µ follows by a slight modification of
the proof. Note that, even if we take a geodesic k1 on H2 so that a tangent vector
of k1 is close to v, we may have d(k1, z) > ρ or d(k1, y) > ρ in general. Instead of
approximating v with a tangent vector of `, first we take a tangent vector v′ close
to v such that d(k′, y) < ρ and d(k′, z) < ρ, where k′ is the geodesic tangent to v′.
We can take γ ∈ Γ so that γ∗v′ is close to a tangent vector of `. Then, we can do
the same argument to see that p`(γ(y)) and p`(γ(z)) are close to each other. 
Let us characterize the density of S+` in the following lemma. In the proof, we
say that a geodesic σ on Σ has two-sided tangency with ∂∆ if σ is tangent to ∂D at
every point in σ ∩ ∂D, but it does not have one-sided tangency with ∂∆; namely,
there exists a pair of outward vectors of ∂∆ at tangential points in σ∩∂D that are
in the opposite directions.
Lemma 4.9. The subset S+` is -relatively dense for some  > 0 if and only if
Condition (B) in Theorem 4.2 is satisfied.
Proof. The “only if” part follows from Lemma 4.4. Indeed, if Condition (B) is not
satisfied, then there exists a geodesic on Σ which does not intersect ∆, or there
exists a geodesic on Σ with one-sided tangency with ∂∆. If a geodesic k on H2 does
not intersect ∆, then we have S+k = ∅. If k has one-sided tangency with ∂∆, then
we have S+k = ∅ after changing the orientation of k if necessary. Since (S+` , ∅) ∈ Ns
means that ` has an interval I of length 2(s− 1s ) such that I ∩S+` = ∅, in any cases,
it follows that S+` is not -relatively dense for any  > 0.
Let us prove the “if” part. First consider the case where any geodesic on Σ
intersects ∆˚, where ∆˚ is the open disk of radious ρ in Σ centred at Γx ∈ Σ. For
v ∈ S1(TΣ), let τ(v) ∈ R≥0 be defined by
τ(v) = inf{ |t| ∈ R≥0 | `v(t) ∈ ∆˚ },
where `v is the geodesic on Σ such that
d`v
dt
∣∣
t=0
= v. Since any geodesic intersects
∆˚, it follows that τ : S1(TΣ) → R≥0 is well-defined. It is easy to see that it is
upper semicontinuous. Then, since S1(TΣ) is compact, τ is bounded from above.
This implies that τ is bounded on `, which implies that S+` is -relatively dense for
some .
Let us consider the general case. We will show that, if Condition (B) in Theorem
4.2 is satisfied, there are finitely many closed geodesics on Σ that have two-sided
tangency with ∂∆, and any other geodesics on Σ intersect ∆˚. Under Condition (B)
in Theorem 1.4, for any geodesic σ on Σ, either σ intersects ∆˚ or σ has two-sided
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tangency with ∂∆. Since any geodesic sufficiently close to a geodesic with two-sided
tangency intersects ∆˚, the set of unit tangent vectors of ∂∆ which are tangent to
geodesics with two-sided tangency with ∂∆ is discrete, and hence finite. It follows
that there are only finitely many geodesics on Σ with two-sided tangency with ∂∆,
and all of them are closed. Let C be the union of closed orbits in S1(TΣ) given by
the tangent vectors of all geodesics on Σ that have two-sided tangency with ∂∆.
Since a geodesic close to a geodesic with two-sided tangency with ∂∆ intersects ∆˚,
for a sufficiently small open neighbourhood U of C, we see that the function τ is
bounded on U \C. It follows that τ is bounded on S1(TΣ) \C, and hence so is on
`. Then we can conclude that S+` is -relatively dense for some  as in the above
case. 
Proposition 4.7 follows from Lemmas 4.8 and 4.9.
Finally, we will show the aperiodicity of S+` by applying Lemma 4.4 and a result
of Dal’bo for the non-arithmeticity of the length spectrum of Riemann surfaces.
Recall, the length spectrum of a Riemann surface M is the set of the lengths of
all closed geodesics on M . Dal’bo [23] proved that the length spectrum of any
Riemann surface cannot be of the form aN for any a > 0.
Lemma 4.10. If Condition (B) of Theorem 4.2 is satisfied, then S+` is aperiodic.
Proof. Assume that S+` is periodic with period ω. Take any closed geodesic σ on Σ
and a geodesic k on H2 which is projected to σ. By assumption, S+k is non-empty.
Since σ is closed, the set S+k is periodic with period |σ|/m for some m ∈ N, where
|σ| is the length of σ. It follows from Lemma 4.4-(ii) that S+` and S+k have the
same period, which means |σ| = ωm. Hence, the length spectrum of Σ is contained
in ωN. But this contradicts a result of Dal’bo [23, Proposition 2.1]. 
Theorem 4.2 is the combination of Corollary 4.6 and Lemma 4.10.
Funding
The work was supported supported by grants FEDER/Ministerio de Ciencia, In-
novacio´n y Universidades/AEI/MTM2017-89686-P [to A.L., B.L., and H.N.]; Xunta
de Galicia/ED431C 2019/10 [to A.L., B.L., and H.N.]; and JSPS Grant-in-Aid for
Scientific Research 17K14195 [to H.N]. It was carried out during the tenure of a
Canon Foundation in Europe Research Fellowship by B.L.
References
[1] J. Belissard, D. Hermann, and M. Zarrouati, “Hulls of aperiodic solids and gap labeling
theorems,” in Directions in Mathematical Quasicrystals (R. Baake and R. V. Moody, eds.),
vol. 13, 2000.
[2] M. Baake and D. Lenz, “Dynamical systems on translation bounded measures: pure point
dynamical and diffraction spectra,” Ergodic Theory Dynam. Systems, vol. 24, no. 6, pp. 1867–
1893, 2004.
[3] J. Lagarias and P. Pleasants, “Repetitive Delone sets and quasicrystals,” Ergodic Theory
Dynam. Systems, vol. 23, pp. 831–867, 2003.
[4] R. Devaney, An Introduction to Chaotic Dynamical Systems. Addison–Wesley, 1989.
[5] A. Wolf, “Quantifying chaos with Lyapunov exponents,” in Non-Linear Science: Theory and
Applications (A. Holden, ed.), pp. 273–289, Manchester University Press, 1986.
[6] B. Deroin and C. Dupont, “Topology and dynamics of laminations in surfaces of general
type,” J. Amer. Math. Soc., vol. 29, no. 2, pp. 495–535, 2016.
14 J.A. A´LVAREZ LO´PEZ, R. BARRAL LIJO´, J. HUNTON, H. NOZAWA, AND J.R. PARKER
[7] S. Matsumoto, “The dichotomy of harmonic measures of compact hyperbolic laminations,”
Tohoku Math. J. (2), vol. 64, no. 4, pp. 569–592, 2012.
[8] D. Lenz and P. Stollmann, “Delone dynamical systems and associated random operators,”
in Operator Algebras and Mathematical Physics: Conference Proceedings : Constant¸a (Ro-
mania), July 2-7, 2001 (J. Combes, J. Cuntz, G. Elliott, G. Nenciu, H. Siedentop, and
S. Stratila, eds.), 2003.
[9] G. Cairns, G. Davis, D. Elton, A. Kolganova, and P. Perversi, “Chaotic group actions,”
Enseign. Math. (2), vol. 41, no. 1-2, pp. 123–133, 1995.
[10] R. Barral Lijo´ and H. Nozawa, “Genericity of chaos for colored graphs.” arXiv:1909.01676,
2019.
[11] D. Champernowne, “The Construction of Decimals Normal in the Scale of Ten,” J. London
Math. Soc., vol. 8, no. 4, pp. 254–260, 1933.
[12] J. Hadamard, “Les surfaces a` courbures oppose´es et leurs lignes ge´odesiques,” J. Math. Pures
Appl., vol. 4, no. 5, pp. 27–73, 1898.
[13] M. Morse, “A one-to-one representation of geodesics on a surface of negative curvature,”
Trans. Amer. Math. Soc., vol. 22, pp. 33–51, 1921.
[14] M. Morse, “Recurrent geodesics on a surface of negative curvature,” Trans. Amer. Math.
Soc., vol. 22, pp. 84–100, 1921.
[15] S. Katok and I. Ugarcovici, “Symbolic dynamics for the modular surface and beyond,” Bull.
Amer. Math. Soc. (N.S.), vol. 44, no. 1, pp. 87–132, 2007.
[16] A. Forrest, J. Hunton, and J. Kellendonk, “Topological invariants for projection method
patterns,” Mem. Amer. Math. Soc., vol. 159, no. 758, pp. x+120, 2002.
[17] G. Hedlund, “On the metrical transitivity of the geodesics on closed surfaces of constant
negative curvature,” Ann. of Math. (2), vol. 35, no. 4, pp. 787–808, 1934.
[18] G. Hedlund, “The dynamics of geodesic flows,” Bull. Amer. Math. Soc., vol. 45, no. 4,
pp. 241–260, 1939.
[19] P. Mu¨ller and C. Richard, “Ergodic properties of randomly coloured point sets,” Canad. J.
Math., vol. 65, no. 2, pp. 349–402, 2013.
[20] J. A´lvarez Lo´pez and A. Candel, “Algebraic characterization of quasi-isometric spaces via
the Higson compactification,” Topology Appl., vol. 158, no. 13, pp. 1679–1694, 2011.
[21] D. Anosov, “Geodesic flows on closed Riemannian manifolds of negative curvature,” Trudy
Mat. Inst. Steklov., vol. 90, p. 209, 1967.
[22] D. Anosov, Geodesic flows on closed Riemann manifolds with negative curvature. Proceedings
of the Steklov Institute of Mathematics, No. 90 (1967). Translated from the Russian by S.
Feder, American Mathematical Society, Providence, R.I., 1969.
[23] F. Dal’bo, “Remarques sur le spectre des longueurs d’une surface et comptages,” Bol. Soc.
Brasil. Mat. (N.S.), vol. 30, no. 2, pp. 199–221, 1999.
Jesu´s A. A´lvarez Lo´pez, Departamento e Instituto de Matema´ticas, Facultade de
Matema´ticas, Universidade de Santiago de Compostela, 15782 Santiago de Compostela,
Spain
E-mail address: jesus.alvarez@usc.es
Ramo´n Barral Lijo´, Research Organization of Science and Technology, Ritsumeikan
University, Nojihigashi 1-1-1, Kusatsu, Shiga, 525-8577, Japan
E-mail address: ramonbarrallijo@gmail.com
John Hunton, Department of Mathematical Sciences, Durham University, Science
Laboratories, South Road, Durham, DH1 3LE, UK
E-mail address: john.hunton@durham.ac.uk
Hiraku Nozawa, Department of Mathematical Sciences, Colleges of Science and En-
gineering, Ritsumeikan University, Kusatsu-Shiga, Japan
E-mail address: hnozawa@fc.ritsumei.ac.jp
John R. Parker, Department of Mathematical Sciences, Durham University, Science
Laboratories, South Road, Durham, DH1 3LE, UK
E-mail address: j.r.parker@durham.ac.uk
